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Abstract. Let n be a positive integer and let A be nonempty finite set of 
positive integers. We say that A is relatively prime if gcd(A) = 1 and that 
A is relatively prime to n if gcd(A,n) = 1. In this work we count the num- 
ber of nonempty subsets of A which are relatively prime and the number of 
nonempty subsets of A which are relatively prime to n. Related formulas are 
also obtained for the number of such subsets having some fixed cardinality. 
This extends previous work for the cases where A is an interval or a set in 
arithmetic progression. Applications include: 

a) An exact formula is obtained for the number of elements of A which are 
co-prime to n; note that this number is 4>{ n ) if A = [l,n]. 

b) Algebraic characterizations are found for a nonempty finite set of positive 
integers to have elements which are all pairwise co-prime and consequently a 
formula is given for the number of nonempty subsets of A whose elements are 
pairwise co-prime. 

c) We provide combinatorial formulas involving Mertens function. 



1. Introduction 

Throughout let n and a be positive integers and let A be a nonempty finite set 
of positive integers. Let /i be the Mobius function and let [^J be the floor of a;. If 
a and b are positive integers such that a < 6, then we let [a, b] — {a, a + 1, . . . , b}. 
Further we need the following set theoretical notation. Let j^X = \X\ denote the 
cardinality of a set X, let V{X) denote the power set of X, let V*(X) denote the 
set of nonempty subsets of X, and let V a (X) denote the set of subsets of X whose 
cardinality is a. Multiples of integers and their cardinality are crucial in this paper. 

Definition 1. For any positive integer d let V(A, d) be the set of multiples of d in 
A and let v(A,d) = \V(A,d)\. 

Theorem 1. We have 

v(A,d) = J2(la/d\-l(a-l)/d\). 
Proof. The result follows since 
[a/d\ - [(a 
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l)/dj 



1, if ae V{A,d) 
0, if V(A,d). 



□ 
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We now state some of the results which we shall prove in this work. 

1) While the number of elements in the set [1, n] which are co-prime to n is </>(n), 
to the author's knowledge no such formula exists for the number of elements in an 
arbitrary nonempty finite set A of positive integers. In this paper we will show in 
Corollary [T] that such a number is 

J2n(d)v(A,d), 

d\n 

2) Cameron and Erdos in [4] considered for any positive real number x the sets of 
positive integers whose elements are < x and pairwise co-prime and considered the 
related sets of positive integers with elements < x and which are free of co-prime 
pairs. The authors gave asymptotic lower and upper bounds for the numbers of 
these sets. Calkin and Granville in [3] gave asymptotic formulas for such numbers 
and improved the result of Cameron and Erdos. In this paper we shall prove in 
Corollary [5] that the number of subsets of A whose elements are pairwise co-prime 
is: 

{/ supS 
B C A : B±% and 2|S| - 1 = ( 1 + 4 ]T n(d)v(B,d)(v(B,d) - 1) 

3) From Corollary 21 for any nonempty subset B of A satisfying a < \B\ the identity 



yields 




As a consequence, for any nonempty subset B of A, if 

sup A 

1 + 4 ]T n(d)v(A, d) (v(A, d) - 1) 

is a square, then so is 

sup B 

1 + 4 ]T fi(d)v(B, d) {v{B, d)-l). 

d=l 

4) In Theorem |6] we will show that for any positive integers 1 < m < n 

n 

^(d)(2L3J-L^J+LlJ-L^J ) = 

d=l 

where M is Mertens function given by M(n) = J2d=i 

5) A direct consequence of Theorem [S] is the following combinatorial identity. For 
simplicity of notation if b is a positive integer, then 



M(n) if (m,n) > 1, 
1 + M(n) if (m,n) = 1, 



bA = {ba : a G A}. 
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Let c be a composite positive integer, say c — ab with a > 1 and b > 1. Then for 
any finite sets A = {ai, a,2, ■ ■ ■ , au\ and B = {b\, &2, ■ • ■ , bi} of positive integers with 
sup A = a and sup B = b we have 

c c 

M(c) = 5^(d)2"( M ^ = Y,M d ) 2v({aB ' d) - 

d=l d=l 

Our main tools are relatively prime sets and phi functions for sets of positive inte- 
gers. The set A is called relatively prime if gcd(A) = 1 and it is called relatively 
prime to n if gcd(j4U {n}) = gcd(A, n) = 1. From now on we assume that a < 



Definition 2. Let 

/(A) = #{ia 
fa {A) =#{ia 

$(A,n)=#{ACA 
$ Q (A,n)=#{ACA 



X ± and gcd(A) = 1}, 
#X = a and gcd(X) = 1}, 
X ^ and gcd(A,n) = 1}, 
#X = a and gcd(X,n) = 1}. 



Nathanson in [9] introduced among others the functions f(n), f a (n), <&{n), and 
$ a (n) (in our terminology /([l, n]), / Q ([l,n]), <&([1, 7i],ra), and $ Q ([l,n],n) respec- 
tively) and found exact formulas along with asymptotic estimates for each of these 
functions. Formulas for these functions are found in [SJ [TU] for A — [m, n] and 
in [5] for y4 = [l,m]. Ayad and Kihel in [TJ [3] considered extensions to sets in 
arithmetic progression and obtained identities for these functions for A = [l,m\) as 
consequences. Recently in 18] these functions have been studied for the union of 
two intervals, the special case of A = [I, m] has been obtained, and various com- 
binatorial identities involving Mobius and Mertens functions have been found as 
applications. For the purpose of this work we give these functions for A = [l,m]. 

Theorem 2. We have 

m 

(a) /([Z,m]) = ^(2LtJ-L^ i J_i) i 
d=l 

m /| m I I l—l I 



d=l 



(c) *([i,m],n) = ^2^J-LV-J, 

d\n 

(d) Q ([/,m],n) = W L ^ J ~ LL ^ J Y 

d\n ^ 01 ' 

An analysis of the functions /, f a , $, and $ Q obtained for different cases of 
the set A lead us to more general formulas for any nonempty finite set of positive 
integers. See Sections Section [2] and [3] below. 

2. Phi functions for integer sets 
Theorem 3. We have 

(a) $(A, n) = Kd)2 v ^ d} = £ n(d)\V (V(A, d)) |, 

d\n d\n 
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(6) <S> a (A 7 n) = J2Kd)( V{A,d) ) =Y,Kd)\P a {V{A,d))\ 



a 

d\n d\n 

Proof. The second identities in (a) and (b) are trivial. As to the first identities we 
use induction on \A\. If A = {a} = [a, a], then by Theorem [2] (c, d) 

$(A,n) =^Md)2 LtJ ~ Li ^ iJ and n) = E fx{d) f-H ~ ^VJ 

d | n d\n 

Assume that A = {oi, 02, • . . , flfe} an d that the identities hold for {aa, • • • , a>k}- 
Then as to (a) we have 

$({ai, . . . , a k }, n) = $({a 2 , ...,a k },n) + $({a 2 , . . . , a k }, gcd(ai, n)) 

= ]>>(d)2^ 2 (L^j-Rrij) + E / i(d)2^ 2 (L^j-L^r i J) 

d\n d\ (ai ,n) 

= 2 £ M (d)2^t 2 (L^rJ-L^V 1 j) + ^ Al((i) 2i:t 2 (L^j-L^j) 

d|(ai,n) d\n 

d\a-i 

= E ^(rf)2 L ^ J - L ^ J 2^(L^rj-L^r i j) + ^ /i(d)2 i:t 1 (L^j-L 

d\ (ai ,n) d|n 

= E At ( d )2St 1 (L^J-L^V i J) + ^ /i ( d )2E?= 1 (L^J-L^V i J) 

d| (ai ,n) d\n 

d\a\ 

d\n 

As to (b) we have 

$ Q ({ai, . . . ,a k },n) = $ a ({a 2 , . . .,a k },n) + $ Q _i({a 2 , . . . , a k }, gcd(ai, n)) 

Et 2 (Lf J - L^JJV \- „^/EU(LfJ-L a 



a J \ a — 1 

E-= 2 (LfJ - L^J) 



E ^) 

d| (ai ,n) 

$>(<*) 

d\n 
d\a\ 

Ttrdf J - L^ i J)Ux-,.^rEt 1 (LfJ - L* 



x: Md)( E - i(LfJ a ~ L ^ J) )+EMW 

d\a\ 



a 



E^\ 
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This completes the proof. □ 

Corollary 1. The number of positive integers in the set A which are co-prime to 
n is 

J2Kd)v(A,d). 

d\n 

Proof. Apply Theorem |3{b) with a = 1. □ 
Corollary 2. If n £ A, then n) = mod 2. 

Proof. If n € A, then evidently v(A,d) > for all divisor d of n and thus the 
required congruence follows by Theorem HJa) . □ 

3. Relatively prime subsets of integer sets 
Theorem 4. We have 

sup A sup A 

(a) f(A) = J2 rid) (2 v{Ad) ~ l) = £ MW* (7(4 <0) |, 

d=l d=l 
sup A - , . sup A 

(6) / a (A)= £ 0(d) ( 1 ' j = E M(rf)l^(nArf))l- 

Proof. The second equalities in (a) and (b) are evident. As to the first identities, 
we use induction on \A\. If A = {a} = [a, a], then by Theorem [2] (a, b) 



/(A)=^ /1 ( ( i)(2ltM^-l) and/ Q (A)=E^ d )f L " J }"* J 

d=l d=l 

Assume now that A — {ai, 02, . . . , a&} and that the identities are true for {a2, . . . ,a k }- 
Without loss of generality we may assume that a\ < sup A. Then as to (a) we have 

f({ai, . . -,a k }) = f({a 2 , . . -,a k }) + <£>({a 2 , . . .,a fe },ai)) 

sup A 

= £ (^dUCL^J-L^J) -l)+E 0(d)2^ 2 (L^J-L^r i J) 

d— 1 d|ai 

sup A 



J2»(d) (2^U(L^J-LVJ) - l) + £ ^) (2^= 2 (L^J-L^J) _ 1^ 

d|ai rf— 1 

^(d^-CL^J-L^J) 

d|ai 

sup A 

2 ^ Ai(d)2 i:t 2 (L^j-L^V 1 J)_^ Al(d)+ £ ( 2 £t 2 (L^J-L^J)_i) 

d|ai d\a\ d—1 

d\a\ 

sup A 

$>(<*) (2^ 1 (L^rJ-L^J) 0(d) ( 2 £*=i(L^J-L^J) _ ^ 

dfai 

sup -A 

£ 0(d) ( 2 ^-(^J-L^ij) _ 1) . 
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As to (b) we find 

f a ({ax,...,a k }) = f a ({a-2, - ■ ■ ,a k }) + <& a -i({a2, . . . , a k }, a\) 

supA ,„k n ai I la.-liw /sr^k n ai | I at — l 



<i=l V / d | ai V a 



5>(<o( 



Ef=i(LfJ-L^J) 



i + E-= 2 (Lf J - L^JA , s v^„^/Et 2 (Lf J - L^J) 



a / * — ' \ a 

d|ai a— 1 

= EM(d) p =1 (L^- L^JA + s ff Md) p =1 (m- L^J) 

d\a\ 

.^(eUuj-ivjj 

d=l ^ a 

This completes the proof. □ 
Alternatively, we have the following formulas for f{A) and f a (A). 

Theorem 5. Let A = {ai, a,2, ■ • ■ , a/c}, fe£ t be a permutation of {1, 2, . . . , and 
let A t{j) = {a T (i),a T (2),...,a T(i )} /or j = l,2,...,k. Then 

k 

(°) /(^) = E E /i(d)2«(^w-^-«') J 
i=l d|a T y) 



J = l d\a T{j) 



v{A T( j_ Vj ,d) 
a- 1 



Proof. For simplicity we assume that r is the identity permutation. As to part (a) 
we have 

f{{ai, . . . ,a k }) = /({oi,...,Ofe_i}) +$({oi, ...,Ofe_i},Ofc) 

= /({ fl i}) + $({ai},a2) + • • ■ + $({«!, • ■ .,a k -i},ak) 

= E M<0 + E M^aL^J-L^J + . . . + E ^^(l^j-l^j) 

3=1 d|aj 

where the third formula follows from Theorem [3l Part (b) follows similarly. This 
completes the proof. □ 
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4. Combinatorial identities involving Mertens function 
We now give some identities which involves Mertens function. 
Theorem 6. Let to and n be positive integers such that 1 < m < n. Then 

n 
d=l 

Proof. Apply Theorem [4] (a) to the set {m, n}. □ 
Theorem 7. Let I, m, and n be positive integers such that 1 < I < to < n. Then 

n 

^(^LtJ-L^J+LfJ-L^J+LlJ-L^J) = 

d=l 

'4 + M(n) if {I, m) = (I, n) = (m, n) = I, 
3 + M(n) if exactly two pairs from {I, m, n} are co-prime, 
< 2 + M(n) if exactly one pair from {I, m, n} is co-prime, 
1 + M(n) if no pair from {I, m, n} is co-prime and (I, to, n) = I, 
M(n) Otherwise. 

Proof. Apply Theorem 2] (a) to the set {l,m,n}. □ 
Theorem 8. We have 

sup A 

M(supA) < ti(d)2 v{A ' d \ 

d=l 

and equality occurs if and only if gcd(A) > 1. 

Proof. The inequality follows Since by Theorem 0] (a) the identity 

sup A 

Kd)2 v( - bA ^ - M{supA) 

counts the number of relatively prime subsets of A. Moreover, we clearly have that 
gcd(A) > 1 if and only if f(A) = 0, which by Theorem 3] (a) means that 

sup A 

]T Li{d)2 v{bA ^ =M(supA), 
as desired. □ 

5. Qf-RELATIVELY PRIME AND a-FREE RELATIVELY PRIME SETS 

Motivated by the work of Cameron and Erdos in [3] and the work of Calkin and 
Granville in [3] we introduce the following notions. 

Definition 3. We say that the set A is: 

• ct-relatively prime if every subset of A of cardinality a is relatively prime, 

• ct-relatively prime to n if every subset of A of cardinality a is relatively 
prime to n, 

• a-free relatively prime if no subset of A of cardinality a is relatively prime, 



M(n) if(m,n) > 1, 
1 + M(n) if (m,n) = 1. 
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• a-free relatively prime to n if no subset of A of cardinality a is relatively 
prime to n. 

We have the following algebraic characterizations. 

Theorem 9. (a) The set A is a-relatively prime if and only if { ) — f a (A) = 0. 

(b) The set A is a-relatively prime to n if and only if ('^') = $> a (A, n) . 

(c) The set A is a-free relatively prime if and only if f a (A) = 0. 

(d) The set A is a-free relatively prime to n if and only if Q a {A,n) = 0. 

Proof. Immediate from the definitions. □ 



Corollary 3. Let (3 be a positive integer such that a < (3 < \A\. Then we have the 
following implications. 




Proof, (a) Clearly if A is a-relatively prime and a < f3 < \A\, then A is /3-relatively 
prime. Combining this fact with Theorem[S] (a) and Theorem^] (b) gives the desired 
implication. 

(b) Similarly, if A is a-relatively prime to n and a < /3 < \A\, then A is /3-relatively 
prime to n. Now combine this fact with Theorem |9] (b) and Theorem [3] (b) to get 
the desired implication. 

(c) As to part (c), we use the fact that A is a-free relatively prime whenever A is 
/3-free relatively prime and a < j3. 

(d) As to part (d), we use the fact that A is a-free relatively prime to n whenever 
A is /3-free relatively prime to n and a < /3. □ 



Using similar ideas we have: 

Corollary 4. Let B be a nonempty subset of A such that a < \B\. Then we have 
the following implications. 
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v 7 d|n V 7 V 7 d\n x 

sup A , , , „ N supB , , . N 

(c) If £ ,(d)( V{Ad) ) =0, then £ Kd)^' ) -0. 

d=l \ a / d=1 \ a / 

d\n \ a / d | n \ a / 

Note that A is 2-relatively prime if and only if the elements of A are pairwise 
co-prime. We have the following two characterizations for 2-relatively prime sets. 

Theorem 10. Let A = {ax, a,2, ■ ■ ■ , <2fc}, let t be a permutation of {1, 2, . . . , k}, 
and let A T ^ — {a T (i), a T ( 2 ), . . . , a T (j)} f or 3 = 1, 2, . . . , fc. Then the following are 
equivalent: 

(a) The set A is 2-relatively prime, 
(b) 

(sup A \ 1 / 2 

1 + 4 E Kd)v(A,d)(v(A,d)-l)j . 



(c) 



' 1/2 



2|A|-1= 1 + 8E E ^(rf)«(^rO'-i),rf) 

\ i=ld|a T(3) 

Proof. As before we assume that r is the identity permutation. By Theorem [§1 
Theorem |U and Theorem [5l the set A is 2-relatively prime means that 

4 i\ SUP A / / A 1\ 

\A\\ ^ /u(^4,d) 



2 ') - ^ ^( d >v . 



or equivalently 



V 7 J=ld|aj V 



The former identity is equivalent to the quadratic equation 

sup A 

\A\ 2 - \A\ - E d) - 1) = 

which means that 

/ / sup A nV2N 

|A| = - I 1 + f 1 + 4 E d)(v(A, d) - 1) J 
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showing the equivalence of (a) and (b). The latter identity is equivalent to the 
quadratic equation 

k 

H 2 -|A|-2^^ / x(d) U (A J -_ 1 ,d)=0 

3=1 d\a,j 

which is equivalent to 

1/2N 

j=l d\a,j 

showing the equivalence of (a) and (c). This completes the proof. □ 

Corollary 5. The number of nonempty subsets of A whose elements are pairwise 
co-prime is 




/ sup B \ 

#{B CA: B ^ and 2\B\ - 1 = ( 1 + 4 V fx{d)v(B, d)(v(B, d) - 1) 



1/2- 



d=l 



Similar to Theorem 1101 we have: 



Theorem 11. Let A = {ai, a<i, . . . , dk\, let t be a permutation of {1, 2, . . . , k}, 
and let A T ^ = {a T ^, a T ( 2 ), ■ • ■ , a r(j)} f or 3 = 1,2, ... ,k. Then the following are 
equivalent: 

(a) The set A is 2-free relatively prime, 
(b) 



(c) 



sup A 

]T f,(d)v(A,d)(v(A,d) -1)=0. 

d=l 



k 

Yl v{d)v(A T{j _ 1) ,d) = 0. 

j = l d\a T{j) 



Corollary 6. The number of nonempty subsets of A which are co-prime free is 

sup B 

#{B C A : B ^0 and ^ fi(d)v(B,d)(v(B,d) - 1) = 0}. 

d=l 
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